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Thermal rectification which is a diode-like behavior of heat flux has been studied over a long time. However,
a universal and systematic physical description is still lacking. In this letter, a perturbation theory of thermal
rectification is developed, which provides an analytical formula of the thermal rectification ratio. It reveals the
linear relationship between the thermal rectification ratio and temperature difference. Furthermore, the size-
dependence of the thermal rectification relies on the specific form of the thermal conductivity. In addition,
several experimental and numerical observations in previous literatures are well explained. This theory can be
applicable to any system in which a differentiable effective thermal conductivity can be derived, and is helpful
to unveil general principle for thermal rectification.
Thermal rectification [1–5] is a diode-like behavior of heat
flux. It plays an important role on thermal management and
engineering in solid-state devices or materials.
In the past decades, much attention has been paid to iden-
tify the underlying physics and to enhance the thermal recti-
fication ratio [2–4, 6–10]. Many studies show that the ther-
mal rectification between two-segment bulk materials can be
realized by selecting materials with suitable properties or dif-
ferent temperature dependent thermal conductivities [11–14].
Meanwhile, a general conclusion was made, i.e., thermal rec-
tification is impossible if the thermal conductivity κ(x,T ) is
separable [15]. For asymmetric nanoscale materials or sys-
tems, many accessible strategies have been proposed to real-
ize the thermal rectification, such as asymmetric shape [16–
21], mass graded [22, 23], porous or inhomogeneous materi-
als [24–26]. Some physical mechanisms [4, 9, 21] were iden-
tified to explain the thermal rectification, such as the differ-
ent phonon spectra overlap by switching the direction of the
temperature gradient [9, 16, 27], asymmetric phonon ballistic
or edge scattering [20, 28, 29], nonseparable dependence of
the thermal conductivity κ(T,x) on temperature T and spa-
tial position x [20, 21, 30]. In addition, some theoretical work
was also made based on some simplified microscopic models
to identify the essential conditions [31–33] for thermal rec-
tification, such as the unusual temperature-dependent poten-
tial [2, 3], nonuniform or graded mass distribution [34, 35].
However, to the best of our knowledge, previous studies of
thermal rectification are based on specific physical problems
or theoretical models. In other words, a universal and sys-
tematic physical description of the thermal rectification is still
lacking.
In this letter, a perturbation theory of thermal rectification is
established and three dimensionless parameters are identified
for the first time. The theory is not limited by system length
or material properties and presents a clear physical picture of
thermal rectification based on explicit physical assumptions
and rigorous theoretical derivations. Several experimental and
numerical observations in literatures are well explained based
on this theory.
Let’s introduce the main assumptions of this study. Given a
thermal conduction system satisfying the local thermal equi-
librium [36, 37], the local temperature T (x) or other local
physical properties can be defined well. Suppose that an ef-
fective thermal conductivity κe can be identified so that the
Fourier law is satisfied formally,
q=−κe(W,T,L)dTdx , x ∈ [x0−L/2,x0+L/2], (1)
where q is the heat flux, x is the spatial position. x0, L and
W are the central position, total system length and the local
physical quantity in this system, respectively. The physical
quantities except for the temperature that influence the ef-
fective thermal conductivity are grouped into two categories.
The first category stands for the local physical quantity vary-
ing with position, i.e., W =W (x), for instance, the charac-
teristic length in other directions [16, 17, 19, 21, 23, 38],
mass [6, 22], porosity [24]. The other one represents a kind
of global physical quantity like the system length L. The ex-
pression, κe(W,T,L), also requires assumptions that the rep-
resentative variable W is independent of the temperature, and
neglecting the dependence of higher order derivative of tem-
perature. In this study, we assume that the effective thermal
conductivity changes smoothly and slightly in the whole sys-
tem. In addition, the temperature gradient inside the thermal
system should be non-zero and finite. Note that Eq. (1) is
valid for any thermal conduction systems regardless of sys-
tem length and material properties if the local thermal equilib-
rium [36, 37] is satisfied and an effective thermal conductivity
could be identified.
Next, the theoretical derivations of our theory is introduced.
Given a (quasi) one-dimensional thermal conduction system
inside [x0−L/2,x0+L/2], two temperatures (T0−∆T/2,T0+
∆T/2) are imposed at the two boundaries, where T0 and ∆T
are the average temperature and temperature difference, re-
spectively. At steady state, based on energy conservation, the
heat conduction satisfies
∂q
∂x
= 0. (2)
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2According to the assumptions we made, the spatial distribu-
tion of W (x) is fixed in the system. Therefore, the effective
thermal conductivity in Eq. (1) can be formally taken as a
function of the position x, temperature T and system length
L,
κe = κe(W (x),T,L) = κe(x,T,L). (3)
Given that the effective thermal conductivity κe(x,T,L)
changes smoothly and slightly in the whole system, it can be
approximated by the Taylor expansion [39] based on (x0,T0),
i.e.,
κe =κ0+
∂κe
∂x
(x− x0)+ ∂κe∂T (T −T0)+
1
2
∂ 2κe
∂x2
(x− x0)2
+
1
2
∂ 2κe
∂T 2
(T −T0)2+ ∂
2κe
∂x∂T
(x− x0)(T −T0). (4)
Note that all the partial derivatives of the effective thermal
conductivity in this work are calculated at (x0,T0) and κ0 =
κe(x0,T0,L) 6= 0 [39]. The higher order terms are assumed
to be negligible. Choosing κ0,L,∆T as reference variables to
normalize the equations (Eqs. (1,2,4), we can get the dimen-
sionless equations as follows,
∂q∗
∂x∗
= 0, q∗ =−κ∗e
dT ∗
dx∗
, (5)
where,
x∗ =
x− x0
L
, T ∗ =
T −T0
∆T
, q∗ =
qL
κ0∆T
, (6)
κ∗e = 1+αxx
∗+αTT ∗+αxT x∗T ∗+αx2x
∗2+αT 2T
∗2, (7)
and the associated dimensionless parameters are
αx =
L
κ0
∂κe
∂x
, αT =
∆T
κ0
∂κe
∂T
, αxT =
L∆T
κ0
∂ 2κe
∂x∂T
, (8)
αx2 =
L2
2κ0
∂ 2κe
∂x2
, αT 2 =
∆T 2
2κ0
∂ 2κe
∂T 2
. (9)
Then, the dimensionless equations are solved with two sets of
boundary conditions respectively,
forward (‘+’) : T ∗(−1
2
) =−1
2
, T ∗(
1
2
) =
1
2
, (10)
backward (‘-’) : T ∗(−1
2
) =
1
2
, T ∗(
1
2
) =−1
2
. (11)
With all these assumptions, the thermal rectification ratio of
the whole thermal system can be deduced from Eqs. (1,2,3,4)
based on perturbation method [40] or also direct Taylor ex-
pansion [39] (detailed derivations and numerical validations
can be found in Sec. I-V in Supplemental Material),
q∗+ ≈−1+
1
12
(αxαT −αxT −αx2 −αT 2 −
1
10
α2Tαx2), (12)
q∗− ≈ 1+
1
12
(αxαT −αxT +αx2 +αT 2 +
1
10
α2Tαx2), (13)
β =
q++q−
q+−q− ≈
1
12
(αxT −αxαT )
=
L∆T
12
(
1
κ0
∂ 2κe
∂x∂T
− 1
κ20
∂κe
∂x
∂κe
∂T
)∣∣∣∣
(x,T )=(x0,T0)
, (14)
where q+ (q∗+) is the forward (dimensionless) heat flux, q−
(q∗−) is the backward (dimensionless) heat flux, and β is
the thermal rectification ratio predicted by perturbation the-
ory, which is a function of the total system length L, tem-
perature difference ∆T and the effective thermal conductivity
κe(x,T,L). Based on theoretical constraints and the numerical
validations, Eq. (14) is valid as the effective thermal conduc-
tivity κe(x,T,L) changes smoothly and slightly in the whole
system or these dimensionless parameters are small. Note that
small αx (αT ) are not equivalent to small L (∆T ).
Equation (14) is the central result of the present study. This
theoretical formula reveals the essential condition to realize
the thermal rectification, i.e.,
(αxαT −αxT )L∆T 6= 0, (15)
which is a subset of the nonseparable condition [15]. And
three dimensionless parameters in Eq. (14) denote the relative
change of the effective thermal conductivity throughout the
whole system due to the temperature change and the hetero-
geneity of the other physical properties. In addition, Eq. (14)
gives rigorous theoretical supports to the linear relationship
between the thermal rectification ratio and temperature differ-
ence ∆T , which has been widely observed in previous litera-
ture [12, 18, 21, 30, 38].
Furthermore, the size-dependent thermal rectification is as-
sociated with the size-dependent thermal conductivity [5].
According to Eq. (14), the thermal rectification ratio is pro-
portional to the system length provided that the terms in the
brackets are independent of system length, such as x0 and the
effective thermal conductivity κe are independent of the sys-
tem length L. Otherwise, the thermal rectification ratio de-
pends on the specific formulas of thermal conductivity or ma-
terials properties.
Actually, the size-dependent thermal rectification phenom-
ena have been observed in previous studies [5, 18, 20, 21, 41].
For example, as the system length increases, the thermal rec-
tification ratio increases proportionally with system length in
2D Lorentz gas model [18], but decreases gradually in trape-
zoid graphene nanoribbons [20, 21]. However, the exploration
of underlying mechanisms is still lacking, especially for its
relationship with the size-dependent thermal conductivity as
mentioned in a latest review [5]. Based on the present study,
the different size-dependent thermal rectification behaviors in
2D Lorentz gas model [18] and trapezoid graphene nanorib-
bons [21] are related to different size-dependent thermal con-
ductivity. In 2D Lorentz gas model, the thermal conductivity
almost keeps a constant as the length of the rectangular space
changes [18] (see Sec. VI in Supplemental Material). But
the thermal conductivity of graphene nanoribbons increases
with system length as the characteristic length is comparable
to phonon mean free path [42, 43].
To better show the relationship between the thermal rectifi-
cation and system length L (or temperature difference ∆T ), the
thermal rectification coefficient of a quasi-one dimensional
graded inhomogeneous porous silicon device is studied [24].
As shown in Fig. 1(a), a lot of nanopores are distributed in
3a bulk silicon bar. The spatial porosity distributions satisfy
φ(x) = φ0x/L0, where φ is the porosity (ratio of the volume
of the pores divided by the total volume), x is the spatial posi-
tion, φ0 = 0.10, L0 = 100 mm is the reference length. L is the
system length, x0 is the central position. xL = x0− L/2 and
xR = x0+L/2 are the position of left and right boundaries, re-
spectively. Two temperatures are imposed at the left and right
boundaries, i.e., TL = T0+∆T/2, TR = T0−∆T/2. According
to previous studies [24, 44], an effective thermal conductivity
κe(x,T ) = κe(φ ,λ/r,T ) can be identified as,
κe(φ ,λ/r,T ) =
κbulk(1−φ)3
1+ 92φ(1−φ)3(1+ 3
√
φ√
2
) (λ/r)
2
1+A′(λ/r)
, (16)
where r = 150 nm is pore radius, A′(λ/r) = 0.864+0.290×
exp(−1.25r/λ ). κbulk and λ are the thermal conductivity and
phonon mean free path of bulk silicon (see Sec. VII in Supple-
mental Material). It can be observed that the effective thermal
conductivity (Eq. (16)) is independent of system length.
In this system, the linear relationship between the thermal
rectification ratio and temperature difference can be easily ob-
served. Given T0 = 92.5 K, x0 = L/2 = L0/2, the thermal
rectification ratio increases linearly with temperature differ-
ence ∆T , as shown in Fig. 1(b). As ∆T = 65 K, the results
predicted by present numerical simulations are in good agree-
ment with the data obtained in reference [24]. Besides, the
heat flux prefers to flow from high porosity to low porosity
(β > 0), which is consistent with those mentioned in previous
studies [24].
The length-dependence thermal rectification is more com-
plex. Given T0 = 92.5 K and ∆T = 25 K, we propose two
different ways to change the system length, and investigate
their influences to the thermal rectification. The first way is to
fix the left end of system and change the right end (Fig. 1(c)).
In this case, x0 = L/2, moves as the system length changes.
As shown in Fig. 1(c), the thermal rectification ratio keeps
linear relationship with L only in a very narrow range. That’s
because x0 depending on L leads to the change of the terms in
the brackets of Eq. (14). The second way is to anchor the cen-
tral position x0 to a fixed point and move left and right ends
symmetrically (Fig. 1(d)), so that x0 = L0/2 is independent of
system length. As shown in Fig. 1(d), the linear relationship
between the thermal rectification ratio and system length can
be observed in a wide range. Above results show that whether
x0 changes with L affects the length-dependent thermal recti-
fication phenomena a lot, which is consistent with our theory.
Besides, there is a linear relationship between the thermal rec-
tification ratio and system length if both the effective thermal
conductivity and x0 are independent of system length.
Different from inhomogeneous porous silicon materi-
als [24], the thermal conductivity depends on system length in
trapezoid suspended graphene [20, 21] as characteristic length
is comparable to phonon mean free path [42, 43]. Considering
a trapezoid suspended graphene, as shown in Fig. 2(a) [21],
T1 = T0 +∆T/2 and T2 = T0−∆T/2 are the temperatures at
left and right boundaries. The length of the geometry is L and
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FIG. 1. Thermal rectification of inhomogeneous porous silicon
device [24]. Black line: Analytical solutions (Eq. (14)). Red cir-
cle: numerical simulations. Blue square: the data obtained in ref-
erence [24]. (a) A sketch for graded inhomogeneous porous sili-
con device. The spatial porosity distributions satisfy φ(x) = φ0x/L0,
φ0 = 0.1, L0 = 100 mm is the reference length, x is the spatial posi-
tion. L is the system length, x0 is the central position. xL = x0−L/2
and xR = x0 +L/2 are the position of left and right boundaries, re-
spectively. (b) The linear relationship between the thermal rectifica-
tion ratio β and temperature difference ∆T , where x0 = L/2 = L0/2,
T0 = 92.5 K. (c)(d) Two different ways to change system length L
(see FIG. S6 more clearly in Supplemental Material). And the as-
sociated results of the distributions of the thermal rectification ratio
with different system length L, where T0 = 92.5 K, |∆T |= 25 K. (c)
First, the left end of the system is fixed, and the other end changes,
so that x0 = L/2 changes with system length. (d) Second, The cen-
tral position x0 = L0/2 is anchored to a fixed point and the system
length is changed along both two ends symmetrically, so that x0 is
independent of system length.
θ is the inclined angle. The widthes of left and right bound-
aries are W1 and W2, respectively. The two-dimensional heat
conduction problem can be approximately reduced into one-
dimensional problem (Fig. 2(b)) and its heat flux along x di-
rection, i.e.,
q=−
∫
κ(x,y,T )
dT
dx
dy=−κe dTdx , (17)
where
κe ≈W3(x)κ, W3(x) = W2−W1L x+W1, (18)
where κ = κ(x,y,T ) is the thermal conductivity of thermal
system, T = T (x,y) is the temperature. κe and T are the
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FIG. 2. (a) Geometrical definition of the length (L) and width
(W1,W2) of the trapezoidal-graphene nanoribbons [21], where x, y
are spatial coordinations, T1 = T0 +∆T/2 and T2 = T0−∆T/2. (b)
Reduced quasi-one dimensional heat conduction, where x0 = L/2 is
the central position. x= 0 and x= L are the left and right boundaries,
respectively. (c) The distributions of these dimensionless parameters
−αx, αT , −αxT and −αxαT as the system length increases, which
are calculated directly from Eqs. (20) and (8) for a given (x0,T0) (see
Sec. VIII in Supplemental Material). (d) Comparison of the thermal
rectification ratio β in trapezoid graphene between the numerical and
analytical results (Eq. (14)) based on Eq. (20).
reduced effective thermal conductivity and reduced temper-
ature. W3(x) is the transverse length in y direction, x ∈
[0,L], x0 = L/2.
The thermal conductivity in graphene nanoribbons
(κGNR(L,T,Wg)) is given by an experimental study [42],
which is a function of temperature T , system length L and
width Wg of nanoribbons, i.e.,
1
κ1(L,T )
=
(
1
4.4×105T 1.68 +
1
1.2×1010
)(
1
L
+
1
piλ/2
)
,
κGNR =
(
1
c1
(
∆
Wg
)m
+
1
κ1(L,T )
)−1
, (19)
where ∆ is the root-mean-square edge roughness, λ is the
phonon mean free path. According to Eq. (19), the reduced
effective thermal conductivity κe in Eq. (17) is
κe(x,T ,L) = κe(W3,T ,L)≈W3(x)×κGNR(L,T ,W3). (20)
Note that almost all parameters in Eqs. (20) and (19) will
influence the thermal rectification. Besides, it is very hard
to identify an effective thermal conductivity κe(x,T ,L) with
accurate parameters for the specific problems mentioned in
previous studies [20, 21] due to insufficient data, so that only
a qualitative analysis of the size-dependent thermal rectifica-
tion is made. Based on previous experimental studies [42, 43],
here we set ∆ = 0.6 nm, c1 = 0.04 W/(mK), T0 = 300 K,
m = 1.8, |∆T | = 30 K, λ = 240 nm [43]. In the smallest
size, W1 = 450 nm, W2 = 150 nm, L = 520nm, θ ≈ pi/6 and
both L and W1 are increased proportionally with fixed θ . The
smallest size is selected by taking into account the validity of
the thermal conductivity in graphene nanoribbon κGNR [42]
(Eq. (19)).
Both numerical solutions and theoretical analysis are im-
plemented based on Eqs. (1,2, 20) and shown in Fig. 2(c)(d).
Although there are some deviations between the theoreti-
cal and numerical results, both of them show that the heat
flux prefers to flow from the wider side to the narrow side
(β < 0, Fig. 2(d)). In addition, as the system length in-
creases, the thermal rectification ratio decreases. Above two
phenomena are consistent with those mentioned in previous
studies [20, 21] qualitatively. Based on Fig. 2(c), it can be
observed that αx changes significantly with system length.
In other words, the length-dependent thermal rectification
is greatly related to the size-dependent thermal conductiv-
ity [5, 42, 43].
Finally, some limitations and accessible extensions about
the perturbation theory of thermal rectification (Eq. (14)) are
addressed. Firstly, Eq. (1) or our theory is invalid if the lo-
cal thermal equilibrium [36, 37] is not satisfied or the local
temperature, effective thermal conductivity cannot be well de-
fined [45, 46]. Secondly, Eq. (14) is unapplicable if the effec-
tive thermal conductivity κe(x,T,L) is discontinuous or singu-
lar/infinite [47], such as the thermal rectification with sharp in-
terface [11–13], phase-change materials [48, 49]. Thirdly, the
present theory cannot describe the thermal rectification only
caused by boundaries or heat bath [47, 50]. Fourthly, for two-
segment bulk materials [11–14], although Eq. (14) is unappli-
cable, Eqs. (12) (13) and the perturbation method [39, 40] can
be directly applied to simultaneously solve the heat conduc-
tion equation for each segment so that analytical solutions of
the thermal rectification ratio [11, 12] can also be obtained,
which can be seen in Sec. IX in Supplemental Material.
In conclusion, a systematic physical description of the ther-
mal rectification is established through perturbation theory
(Eq. (14)). A physical relationship among the thermal rec-
tification, system length, temperature difference and thermal
conductivity is built. It reveals the linear relationship between
the thermal rectification ratio and the temperature difference.
Furthermore, the thermal rectification ratio is proportional to
the system length provided that the terms in the brackets of
Eq. (14) are independent of system length. Otherwise, the
thermal rectification ratio depends on the specific formulas
of thermal conductivity or materials properties. Several pre-
vious experimental and numerical observations are also well
explained. In addition, the physical meanings, limitations and
possible extensions of present theory are also discussed in de-
tails. We believe that the proposed theory and these three di-
mensionless parameters therein will be taken as a guideline
for future experimental studies on the size dependent thermal
rectification and shed light on the design of the thermal recti-
fier.
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Perturbation theory of thermal rectification: Supplemental Material
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I. PHYSICAL DESCRIPTIONS
Suppose that an effective thermal conductivity κe can be identified in a thermal system where the local thermal equilibrium [1,
2] is satisfied, so that the Fourier law is satisfied formally,
q=−κe(W,T,L)dTdx , (S1)
where q is heat flux, T is the temperature, x is the spatial position, W is the local physical quantity. The physical quantities
except for the temperature that influence the effective thermal conductivity κe(W,T,L) are grouped into two categories. The
first category stands for the local physical quantity varying with position, i.e., W =W (x), for instance, the characteristic length
in other directions, porosity. The other one represents a kind of global physical quantity like the system length L. Consider a
one-dimensional thermal conduction system with spatial position x ∈ [x0−L/2,x0 +L/2], the heat conduction at steady state
satisfies,
∂q
∂x
= 0, (S2)
where x0 is the central position of this system, L is the system length. Two temperatures (T0−∆T/2,T0+∆T/2) are imposed at
the two ends. Then the thermal conductivity in Eq. (S1) can be written as
κe = κe(W (x),T,L) = κe(x,T,L). (S3)
Note that as the system length L of thermal system is comparable to the phonon mean free path, κe(L) may change as the system
length L changes [3–9].
Given that κe(x,T,L) is differentiable in the whole thermal system (or changes smoothly and slightly), then it can be approxi-
mated by the Taylor expansion at (x0,T0) [10], i.e.,
κe(x,T ) = κ0+a(T −T0)+b(x− x0)+ c(x− x0)(T −T0)+d(x− x0)2+ f (T −T0)2, (S4)
where the high order Taylor expansion terms are assumed to be ignorable in Eq. (S4) and
κ0 = κe(x0,T0,L) 6= 0, a= ∂κe∂T
∣∣∣∣
(x,T )=(x0,T0)
, b=
(
∂κe
∂x
)∣∣∣∣
(x,T )=(x0,T0)
, (S5)
c=
(
∂ 2κe
∂x∂T
)∣∣∣∣
(x,T )=(x0,T0)
, d =
1
2
(
∂ 2κe
∂x2
)∣∣∣∣
(x,T )=(x0,T0)
, f =
1
2
(
∂ 2κe
∂T 2
)∣∣∣∣
(x,T )=(x0,T0)
. (S6)
Note that all the partial derivatives of the effective thermal conductivity in this work are calculated at (x0,T0) according to Taylor
expansion theory [10]. In addition, above equations are solved with two sets of boundary conditions respectively,
forward (‘+’) : T (x0−L/2) = T0−∆T/2, T (x0+L/2) = T0+∆T/2, (S7)
backward (‘-’) : T (x0−L/2) = T0+∆T/2, T (x0+L/2) = T0−∆T/2. (S8)
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2For the forward direction (Eq. (S7)), the heat flux q is denoted by q+, and as the temperature gradient is reversed (Eq. (S8)),
we denote q as q−. In what follows, all variables V are labeled as ‘V+’ for the forward direction and ‘V−’ for the backward
direction. The thermal rectification ratio β is
β =
q++q−
q+−q− . (S9)
II. DIMENSIONLESS TREATMENTS
Before solving above equations analytically, the dimensionless treatment of Eq. (S4) is implemented first, i.e.,
κ∗e = 1+αTT
∗+αxx∗+αxT x∗T ∗+αx2x
∗2+αT 2T
∗2, (S10)
where
κ∗e =
κe
κ0
, T ∗ =
T −T0
∆T
, x∗ =
x− x0
L
, (S11)
αx =
L
κ0
∂κe
∂x
∣∣∣∣
(x,T )=(x0,T0)
, αT =
∆T
κ0
∂κe
∂T
∣∣∣∣
(x,T )=(x0,T0)
, αxT =
L∆T
κ0
∂ 2κe
∂T∂x
∣∣∣∣
(x,T )=(x0,T0)
, (S12)
αx2 =
L2
2κ0
∂ 2κe
∂x2
∣∣∣∣
(x,T )=(x0,T0)
, αT 2 =
∆T 2
2κ0
∂ 2κe
∂T 2
∣∣∣∣
(x,T )=(x0,T0)
. (S13)
Here we assume that
αx→ 0, αT → 0, αxT → 0,
αx2 → 0, αT 2 → 0. (S14)
Similar treatment is implemented on Eq. (S1), i.e.,
q∗ =−κ∗e
dT ∗
dx∗
, (S15)
where the normalized heat flux is q∗ = (qL)/(κ0∆T ). Combining Eqs. (S15) and (S10) leads to
q∗ =−(1+αTT ∗+αxx∗+αxT x∗T ∗+αx2x∗2+αT 2T ∗2) dT ∗dx∗ , (S16)
which is a high-order nonlinear differential equation of x∗ and T ∗ [11]. Based on Eqs. (S7) and (S8), we have dimensionless
boundary conditions, i.e.,
forward (‘+’) : T (−1/2) =−1/2, T (1/2) = 1/2, (S17)
backward (‘-’) : T (−1/2) = 1/2, T (1/2) =−1/2. (S18)
For the forward direction, the normalized heat flux q∗ is denoted by q∗+, and as the temperature gradient is reversed, we denote
q∗ as q∗−. Then Eq. (S9) becomes
β =
q∗++q∗−
q∗+−q∗−
. (S19)
First, we consider the forward direction so that
( 1
2 ,
1
2
)
and
(− 12 ,− 12) are both the solutions of Eqs. (S10) and (S15). Then
similar derivations can be implemented for the backward direction directly.
III. PERTURBATION THEORY OF THE THERMAL RECTIFICATION
In order to solve the following equation,
q∗ =−(1+αTT ∗+αxx∗+αxT x∗T ∗+αx2x∗2+αT 2T ∗2) dT ∗dx∗ , (S20)
3the perturbation method [12] is used. Firstly, we convert Eq. (S20) into a perturbation problem by introducing a parameter ε in
the right side of the equation, i.e,
q∗ =−(1+αTT ∗+ ε (αxx∗+αxT x∗T ∗+αx2x∗2+αT 2T ∗2)) dT ∗dx∗ . (S21)
It can be found that Eq. (S21) returns to the original equation (S20) by assigning ε = 1. We further assume a perturbation series
in powers of ε , i.e.,
T ∗ = T ∗0 + εT
∗
1 + ε
2T ∗2 + ...=
∞
∑
i=0
ε iT ∗i , (S22)
q∗ = q∗0+ εq
∗
1+ ε
2q∗2+ ...=
∞
∑
i=0
ε iq∗i . (S23)
The zeroth-order problem is obtained by setting ε = 0, i.e.,
q∗0 =−(1+αTT ∗0 )
dT ∗0
dx∗
, (S24)
which is an ordinary differential equation of x∗ and T ∗0 . The constant variation method [11] is used to solve Eq. (S24) and the
analytical solution is
x∗ =−T
∗
0 +
αT
2 T
∗2
0 +C0
q∗0
, (S25)
where C0 is a constant. Combining the boundary conditions (Eqs. (S17) and (S18)), we can determine the heat flux q∗0 and
integration constant C0 for the zeroth-order solution,
q∗0+ =−1, C0+ =−
αT
8
, (S26)
q∗0− = 1, C0− =−
αT
8
. (S27)
The first order problem is then obtained by equating the coefficient of ε on the left and right hand sides of Eq. (S21), i.e.,
q∗1 =−(1+αTT ∗0 )
dT ∗1
dx∗
− (αTT ∗1 +αxx∗+αxT x∗T ∗0 +αx2x∗2+αT 2T ∗20 ) dT ∗0dx∗ . (S28)
Substitute Eqs. (S24) into Eq. (S28) to eliminate the derivative of x∗, and obtain an ordinary differential equation,
dT ∗1
dT ∗0
=− αTT
∗
1
1+αTT ∗0
+
q∗1
q∗0
− αxx
∗+αxT x∗T ∗0 +αx2x
∗2+αT 2T ∗20
1+αTT ∗0
, (S29)
This equation is solved by the constant variation method [11], and the analytical solution is
T ∗1 =
1
1+αTT ∗0
g(T ∗0 ), (S30)
where g(T ∗0 ) is a function of T
∗
0 and satisfies
∂g(T ∗0 )
∂T ∗0
=
q∗1
q∗0
(1+αTT ∗0 )−
(
αxx∗+αxT x∗T ∗0 +αx2x
∗2+αT 2T
∗2
0
)
. (S31)
Substitute Eq. (S25) into Eq. (S31) and integrate with respect to T ∗0 , then g(T
∗
0 ) reads,
g(T ∗0 ) = A0T
∗
0 +
A1
2
T ∗20 +
A2
3
T ∗30 +
A3
4
T ∗40 +
A4
5
T ∗50 +C1, (S32)
4where
A0 =
q∗1
q∗0
+
αxαT
8
− α
2
Tαx2
64
, (S33)
A1 = αT
q∗1
q∗0
−αx+ αxTαT8 +
αTαx2
4
, (S34)
A2 =−αxαT2 −αxT −αx2 −αT 2 +
α2Tαx2
8
, (S35)
A3 =
αxTαT
2
−αTαx2 , (S36)
A4 =−α
2
Tαx2
4
, (S37)
q∗1 and C1 are integration constants. And then the boundary conditions for T
∗
1 ,
g
(
−1
2
)
= 0, g
(
1
2
)
= 0, (S38)
are imposed to determine q∗1 (and C1),
q∗1 =−
q∗0
12
(
αxαT −αxT −αx2 −αT 2 −
1
10
α2Tαx2
)
(S39)
According to Eq. (S23), the heat flux can be approximated as q∗ ≈ q∗0 + εq∗1 with ε = 1. Then the forward and backward heat
flux are expressed as follows,
q∗+ =−1+
1
12
(
αxαT −αxT −αx2 −αT 2 −
1
10
α2Tαx2
)
, (S40)
q∗− =1+
1
12
(
αxαT −αxT +αx2 +αT 2 +
1
10
α2Tαx2
)
. (S41)
Combining Eqs. (S40) and (S41), the thermal rectification ratio is approximated as,
β ≈ L∆T
12
(
1
κ0
∂ 2κe
∂x∂T
− 1
κ20
∂κe
∂x
∂κe
∂T
)∣∣∣∣
(x,T )=(x0,T0)
=
1
12
(αxT −αxαT ). (S42)
Equation (S42) is the central result of present study (see Fig. S1). Based on theoretical constraints and the numerical valida-
tions, Eq. (S42) is valid as the effective thermal conductivity κe(x,T,L) changes smoothly and slightly in the whole system or
these dimensionless parameters should be small. Note that small αx (αT ) are not equivalent to small L (∆T ).
Based on Eq. (S42), it is interesting to find that the leading order term of the thermal rectification is a cross term (L∆T ). It
is stemmed from the linear term and the cross term of the expansion of κ∗e according to Eq. (S10). And the other second-order
terms have no impact on the leading order term of the thermal rectification.
IV. SOLVING THE LINEAR MODE WITH THE TAYLOR EXPANSION
It is very complex to obtain the thermal rectification ratio of Eq. (S20) through the Taylor expansion. We only show how to
solve the linear mode as an illustration. The dimensionless form of the linear mode reads,
dq∗
dx∗
= 0, q∗ =−(1+αTT ∗+αxx∗) dT
∗
dx∗
. (S43)
Its analytical solution is derived by the constant variation method [11], i.e.,
x∗ =−αT
αx
T ∗+
αT
α2x
q∗− 1
αx
+C1 exp(−αxT ∗/q∗), (S44)
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FIG. S1. In a thermal system with total system length L coupled to two heat baths at TH = T0+∆T/2 and TL = T0−∆T/2, given a differentiable
effective thermal conductivity κe(x,T,L) in the whole thermal system, the thermal rectification ratio β in this system can be derived analytically
(Eq. (S42)) based on perturbation method [12] or Taylor expansion [10], where κ0 = κe(x0,T0,L). The theoretical formula requires that the
effective thermal conductivity changes smoothly and slightly in this system.
where q∗ andC are integration constant. For the forward direction, according to boundary conditions (Eqs. (S17) and (S18)), we
can get
−1
2
=
αT
αx
1
2
+
αT
α2x
q∗+−
1
αx
+C+ exp
(
αx/(2q∗+)
)
, (S45)
1
2
=−αT
αx
1
2
+
αT
α2x
q∗+−
1
αx
+C+ exp
(−αx/(2q∗+)). (S46)
Combining above two equations, we have
αx+αT
αT/ε+−2 =
exp(ε+)− exp(−ε+)
exp(ε+)+ exp(−ε+) = tanh(ε+) , (S47)
where ε+ = αx/(2q∗+). According to the solution of Eq. (S24), q∗+ ≈−1 as long as αx is infinitesimal. In another word, if αx→ 0
, ε+→ 0. Then tanh(ε+) is expanded under assumption αx→ 0,
tanh(ε+) = ε+− ε3+/3+O(ε5+). (S48)
It is worth noting that no assumption is made on αT . Then Eq. (S47) becomes
αx ≈−2ε+− 13 (αT ε
2
+−2ε3+) (S49)
=⇒ q∗+ ≈−1+
αxαT
12
+
α2x
12
. (S50)
Similarly, we can get
q∗− ≈ 1+
αxαT
12
− α
2
x
12
. (S51)
Therefore, the thermal rectification ratio of linear mode is,
βl =
q++q−
q+−q− ≈−
1
12
αxαT . (S52)
Based on above mathematical derivations, similarly we can get other solutions of the thermal rectification, i.e.,
κ∗e = 1+αxT x
∗T ∗, β =
1
12
αxT . (S53)
κ∗e = 1+αTT
∗+αxx∗+αxT x∗T ∗, β =
1
12
(αxT −αxαT ) . (S54)
6V. NUMERICAL VALIDATION
In this section, numerical simulations are implemented to validate the perturbation theory.
A. Numerical discretization and solutions
Based on Eqs. (S1) and (S2), we can get
∂
∂x
(
κe(x,T (x))
∂T
∂x
)
= 0. (S55)
The iterative method is used to solve above equation, i.e.,
∂
∂x
(
κe
∂δT n
∂x
)
=− ∂
∂x
(
κe
∂T n
∂x
)
, (S56)
where n is the iteration index, δT n = T n+1−T n is the temperature variance between two successive iteration steps. When n= 0,
the initial temperature inside the system is T n = T0. To solve it numerically, the finite difference method is used and we discretize
the computational domain into (M−1) uniform cells with M grid points, i.e.,
xi = x0− L2 +
(i−1)L
M−1 , (S57)
where xi is position of the grid point i, i= 1,2, ...,M. It can be found that x1 and xM are two boundaries with fixed temperatures.
Then Eq. (S56) becomes
∑
j∈N(i)
κe,i jδT nj −
(
∑
j∈N(i)
κe,i j
)
δT ni
=− ∑
j∈N(i)
κe,i jT nj +
(
∑
j∈N(i)
κe,i j
)
T ni , i ∈ [2,M−1] (S58)
where N(i) denotes the sets of neighbor grid points of grid point i. In addition,
δT n1 = δT
n
M = 0, (S59)
2Ti j = Ti+Tj, (S60)
2xi j = xi+ x j, (S61)
κe,i j = κe(xi j,Ti j). (S62)
Combining the boundary conditions (Eqs. (S7), (S8)), Eq. (S58) can be solved iteratively. Here, the Thomas algorithm [13] is
used to solve Eq. (S58) and the iteration converges as√
∑M−12
∣∣δT ni ∣∣2√
(M−2)∆T 2 < 10
−14. (S63)
For the dimensionless equations (Eqs. (S15) and (S10)), similar iterative method can also be implemented directly. For all
numerical simulations, the mesh independence has been tested. Without special statements, we set M = 10001.
B. Linear mode
Above derivations have given the thermal rectification of the linear mode, i.e.,
κ∗e = 1+αxx
∗+αTT ∗, βl =− 112αxαT . (S64)
In order to validate it, numerical simulations are conducted. For simplicity, the dimensionless parameters satisfy αx,αT ∈ (0,2),
and αx+αT ≤ 2, so that inside the system x∗ ∈ (−1/2,1/2), the thermal conductivity is positive, i.e., κ∗e > 0. We discrete
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FIG. S2. Thermal rectification ratio (βl) of the linear mode. (a) β ′l is solved by numerical method; (b) βl is predicted by perturbation theory
(Eq.S64); (c) the ratio between β ′l and βl validates the perturbation theory for the linear mode when αx approaches zero; (d) β
′
l along the line
(αx+αT = 2.0) reveals the maximum rectification ratio (|β ′l |) is about 0.1573 for the linear mode.
αx ∈ (0,2) into 200 uniform pieces as well as αT ∈ (0,2). For each discretized piece αx and αT , the thermal rectification can be
predicted by numerical iterative solutions and the theoretical law (Eq. (S64)). Especially, for the line αx+αT = 2, we discrete it
into 2000 uniform pieces.
Numerical results are shown in Fig. S2. The numerical solution (β ′l ) is accurate with at least 4 significant digits. It can be taken
as the real thermal rectification ratio of the linear mode. As shown in Fig. S2(c), the predicted βl (Eq. (S64)) is accurate as long
as αx→ 0. Even when αx is finite value, say 0.5, the relative error is less than 10%. When αx increases beyond 0.5, the theory
deviates from the reference solution, becomes inaccurate. It is obvious that βl is symmetric about the line (αx=αT ), but β ′l is not.
The thermal rectification ratio of the linear mode reaches its maximum (|β ′l |= 0.1573) near the point (αx = 1.835,αT = 0.165)
(Fig. S2(a,d)). It suggests that the thermal rectification ratio is less than 0.1573, if the effective thermal conductivity varies
linearly in terms of position and temperature.
C. Cross mode
Numerical simulations are conducted to validate the theoretical results of the cross mode, i.e.,
κ∗e = 1+αxT x
∗T ∗, βc =− 112αxαT . (S65)
The dimensionless parameter satisfies αxT ∈ (0,4], so that inside the system x∗ ∈ (−1/2,1/2), the thermal conductivity is
positive, i.e., κ∗e > 0. We discrete αxT ∈ (0,4] into 4000 uniform pieces. For each discretized αxT , the thermal rectification can
be predicted by numerical iterative solutions and the theoretical law (Eq. (S65)).
Numerical results are shown in Fig. S3. βc in Eq. (S65) is a very accurate approximation for the cross mode. Its relative error
to the reference numerical solution (β ′c) is less than 1% as |αxT | is smaller than 1.2, and the maximum relative error is less than
8α
β
β
β
β
β β
FIG. S3. Thermal rectification ratio (βc) of the cross mode. The dash line represents βc predicted by perturbation theory (Eq. (S65)); the solid
line represents β ′c solved by numerical method; the dash dot line represents the ratio between β ′c and βc. The relative error is less than 1% as
|αxT | is smaller than 1.2, and the maximum relative error is less than 15%. The maximum thermal rectification ratio (|β ′c|) occurs near αxT = 4,
is about 0.3791 for the cross mode.
15% in all cases. Moreover, the maximum thermal rectification ratio (|β ′c|) is considerably larger than that of the linear mode,
which occurs at αxT = 4 and is about 0.3791.
Above theoretical derivations (Eqs. (S42), (S64) and (S65)) and numerical results show that the linear mode and cross mode
affect the thermal rectification ratio independently as αx,αt ,αxT are small.
D. Arbitrary effective thermal conductivity
We take Eq. (S4) as an example. We set x0 = 1, T0 = 1. There are eight independent variables in Eq. (S4), i.e.,
a, b, c, d, f , L, ∆T, κ0. Next, we change one of them and fix others. The predicted thermal rectification ratio β are
compared with our derived analytical solutions, i.e., Eq. (S42). A parameter Er is introduced to show the relative errors between
the numerical (βnumerical) and theoretical (βtheory) results, i.e.,
Er =
∣∣∣∣βnumerical−βtheoryβtheory
∣∣∣∣ . (S66)
Numerical results are shown in Fig. S4, where Y axis is Er and X axis are eight variables, respectively. It can be observed that the
numerical results are in excellent agreement with our derived theoretical solutions within our assumptions (Eq. (S14)). However,
as αx, αT , αxT are large or |κe/κ0|  1, the theoretical results deviate the numerical results significantly.
VI. USAGE OF THREE DIMENSIONLESS PARAMETERS IN THE THERMAL RECTIFICATION IN 2D LORENTZ GAS
MODEL
To show the utility of these dimensionless parameters αx, αT , αxT , we analyse a universal relation between thermal rectifi-
cation ratio and the geometric parameters and source temperatures in a two-dimensional multiparticle Lorentz gas model [14],
i.e., ∣∣∣∣q++q−q+−q−
∣∣∣∣ ∝ dl tanθ ∆TT0 , (S67)
where d and l are the system length and width respectively in the 2D homogeneous and asymmetric trapezoidal domain as
shown in Fig. S5(a). θ is the inclined angle, T0 = (T1 +T2)/2 and ∆T = |T1−T2| are the average temperature and temperature
difference between the left and right boundaries, respectively. In this example, notice that there are obvious temperature slips
near the boundaries [14], then the theoretical formula can not be used directly. Therefore, here we just try to find out the
dimensionless parameters for this system.
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FIG. S4. The relative errors between the thermal rectification predicted by the numerical and analytical solutions, i.e., Er =∣∣(βnumerical−βtheory)/βtheory∣∣. In Eq. (S4), we fix x0 = 1, T0 = 1. Y axis is Er and X axis are eight variables. (a) Change a and fix
b= 1, c= 1, d = 0.5, f = 0.2, κ0 = 1, L= 0.2, ∆T = 0.2. (b) Change b and fix a= 1, c= 1, d = 0.5, f = 0.2, κ0 = 1, L= 0.2, ∆T = 0.2.
(c) Change c and fix a = 1, b = 1, d = 0.5, f = 0.2, κ0 = 1, L = 0.2, ∆T = 0.2. (d) Change d and fix a = 1, b = 1, c = 0.5, f =
0.2, κ0 = 1, L = 0.2, ∆T = 0.2. (e) Change ∆T and fix a = 0.2, b = 1, c = 0.1, d = 0.1, f = 0.01, κ0 = 5, L = 0.1. (f) Change L and fix
a= 1, b= 0.5, c= 1, d = 0.5, f = 0.2, κ0 = 1, ∆T = 0.2. (g) Change f and fix a= 1, b= 1, c= 0.5, d = 0.5, κ0 = 1, L= 0.2, ∆T = 0.2.
(h) Change κ0 and fix a= 1, b= 1, c= 1, d = 0.5, f = 0.2, L= 0.2, ∆T = 0.2.
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FIG. S5. (a) A schematic of the 2D Lorentz gas model with an asymmetric trapezoidal shape (Fig.1(b) in Ref [14]). (b) A reduced (quasi)
one-dimensional thermal system and its heat flux, where (x1,T1) and (x2,T2) are boundary conditions, L= d, x0 = d/2.
At first, the two-dimension heat conduction problem is reduced into one-dimensional problem (Fig. S5(b)) and its heat flux
along x direction can be described by
q=−
∫
κ
dT
dx
dy, (S68)
where κ is the thermal conductivity. Fortunately, previous studies have proven that the thermal conductivity almost keeps a
constant as the length of the rectangular space changes [14, 15]. Hence we can assume that the leading order term of the local
thermal conductivity is only dependent on the local temperature,
κ = κ(T )+ ε3, (S69)
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where κ(T ) =CT 1/2 [16], C is a constant, ε3 represents small deviation from the leading order term. Given that the heat flux
is mainly parallel to the x coordinate if θ → pi/2, thereby, the variation in y direction can be ignored, so that, T (x,y) ≈ T (x).
Under these assumptions, an effective thermal conductivity can be defined,
κe(x,T,L) =
∫
κdy=W (x)κ(T )+ ε ′, (S70)
W (x) =
∫
dy= l−2 x
tanθ
, (S71)
ε ′ =
∫
ε3dy, x0 = d/2, (S72)
where W (x) is actually the transverse length in y direction. Note that ε3 and ε ′ are essential to keep κe nonseparable so that the
thermal rectification occurs [17].
After a simple derivation, the dimensionless parameters are obtained by ignoring the small deviation (ε,ε ′),
αx =
L
κe(x0,T0,L)
(
∂κe
∂x
)∣∣∣∣
(x,T )=(x0,T0)
≈− 2d
l tanθ −d , (S73)
αT =
∆T
κe(x0,T0,L)
(
∂κe
∂T
)∣∣∣∣
(x,T )=(x0,T0)
≈ ∆T
2T0
, (S74)
αxT =
L∆T
κe(x0,T0,L)
(
∂ 2κe
∂x∂T
)∣∣∣∣
(x,T )=(x0,T0)
≈− d
l tanθ −d
∆T
T0
, (S75)
where x0 = d/2 is the central position of the whole thermal system, L= d is the system length, spatial position x∈ [x0−L/2,x0+
L/2]. As θ → pi/2, we have l tanθ  d. Then Eq. (S67) becomes,∣∣∣∣q++q−q+−q−
∣∣∣∣ ∝ αxT ∝ αxαT , (S76)
which indicates that the thermal rectification in 2D Lorentz gas model is related to these dimensionless parameters.
This example demonstrates the significance of αx,αT ,αxT to general thermal rectification. Actually, these three dimensionless
parameters denote the relative change of the effective thermal conductivity throughout the whole system due to the temperature
change and the heterogeneity of the other physical properties. In other words, this example indicates that the size-dependent
thermal rectification is related to the thermal conductivity in 2D Lorentz gas model, which almost keeps a constant as the length
of the rectangular space changes [14, 15].
VII. THERMAL RECTIFICATION IN INHOMOGENEOUS NANOPOROUS SILICON SYSTEMS
The thermal rectification coefficient of a quasi-one dimensional graded inhomogeneous porous silicon device is studied [18,
19]. According to previous studies [18, 20], an effective thermal conductivity can be identified as
κe(x,T ) = κe(φ ,λ/r,T ) =
κbulk(1−φ)3
1+ 92φ(1−φ)3(1+ 3
√
φ√
2
) (λ/r)
2
1+A′(λ/r)
, (S77)
where r is pore radius, φ(x) = φ0x/L0 is the porosity (ratio of the volume of the pores divided by the total volume), φ0 = 0.10,
L0 = 100 mm is the reference length, A′(λ/r) = 0.864+ 0.290× exp(−1.25r/λ ). κbulk and λ are the temperature dependent
thermal conductivity and phonon mean free path of bulk silicon.
Here the Debye approximation and gray model are used [21], where phonon dispersion and polarization are not considered.
The average phonon group velocity is vs = 6400 m/s [21, 22]. The thermal conductivity κbulk and specific heatCV in bulk silicon
in different temperatures are obtained by experiments [23, 24]. The experimental data of thermal conductivity [23] and specific
heat [24] as 60 K≤ T ≤ 130 K is fitted by polynomial function, i.e.,
κbulk(T ) =−0.00171T 3+0.741T 2−114.0T +6677.0, (S78)
CV (T ) =−0.0155T 3−1.01T 2+8922.0T −2.58×105. (S79)
The phonon mean free path λ used in Eq. (S77) is obtained from the expression for the thermal conductivity in terms of the
mean-free path κbulk =CV vsλ/3 [18].
There are two different ways to change the system length L. The first way is to fix the left end of system and change the right
end (Fig. S6(a)). In this case, x0 = L/2, moves as the system length changes. The second way is to anchor the central position
x0 to a fixed point and move left and right ends symmetrically (Fig. S6(b)), so that x0 = L0/2 is independent of system length.
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FIG. S6. Thermal rectification of inhomogeneous porous silicon device [18]. A sketch for graded inhomogeneous porous silicon device. The
spatial porosity distributions satisfy φ(x) = φ0x/L0, where φ0 = 0.1, L0 = 100 mm is the reference length, x is the spatial position. L is the
system length, x0 is the central position. x= x0−L/2 and x= x0+L/2 are the position of left and right boundaries, respectively. There are two
different approaches to change the system length L. (a) First: The left end of the system is fixed (x= 0), and the other end changes with system
length, so that x0 = L/2 changes with system length L. Schematics of three geometries with different system length L = L0, 0.75L0, 0.5L0.
(b) Second: The central position x0 = L0/2 is anchored to a fixed point and the system is shortened towards two ends symmetrically, so that
x0 is independent of system length L. Schematics of three geometries with different system length L= L0, 0.75L0, 0.5L0.
VIII. CALCULATIONS OF THESE DIMENSIONLESS PARAMETERS IN TRAPEZOID SUSPENDED GRAPHENE
Actually, as long as a differentiable effective thermal conductivity κe(x,T,L) is given in the thermal system and system length
L, temperature difference ∆T , (x0,T0) are known, these dimensionless parameters can be obtained mathematically. There is no
need to calculate the temperature field inside the thermal system. Let’s take the thermal rectification in trapezoid suspended
graphene [9] as an example.
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The mathematical formulas of the effective thermal conductivity κe(x,T,L) is
W3(x) =
W2−W1
L
x+W1, (S80)
κGNR(L,T,W3) =
(
1
c1
(
∆
W3
)m
+
(
1
L
+
1
piλ/2
)(
1
4.4×105T 1.68 +
1
1.2×1010
))−1
, (S81)
κe(x,T,L) = κe(W3,T,L)≈W3(x)×κGNR(L,T,W3),
=
(w1x+w2)(
w3 (w1x+w2)
−m+w4 (w5T−1.68+w6)
) = D1
D2
, (S82)
where x0 = L/2 and
w1 =
W2−W1
L
, w2 =W1, w3 =
∆m
c1
, (S83)
w4 =
(
1
L
+
1
piλ/2
)
, w5 =
1
4.4×105 , w6 =
1
1.2×1010 , (S84)
D1 = (w1x+w2) , D2 =
(
w3 (w1x+w2)
−m+w4
(
w5T−1.68+w6
))
. (S85)
Note that w1, w2, w3, w4, w5, w6 are related to the geometry of thermal system and (x0,T0). For a given system, we assumed
that they are constants based on previous experiments [4, 5, 25]. Here we set ∆ = 0.6 nm, c1 = 0.04 W/(mK), T0 = 300 K,
m = 1.8, |∆T | = 30 K [9], λ = 240 nm [5]. Then D1 and D2 are both differentiable functions of x and T . So that based on
Eq. (S82), we can derive
∂κe
∂x
=
w1D2+mw3w1(w1x+w2)−m
D22
, (S86)
∂κe
∂T
=
(w1x+w2)w4(1.68w5T−2.68)
D22
, (S87)
∂ 2κe
∂T∂x
= w4(1.68w5T−2.68)
w1D22+2D2(w1x+w2)
−mw3w1m
D42
. (S88)
Then even if the temperature field inside the system is unknown, these three dimensionless parameters (αx, αT , αxT ) can still
be calculated directly at (x0,T0) based on above equations in this section, i.e.,
αx =
L
κe(x0,T0,L)
(
∂κe
∂x
)∣∣∣∣
(x,T )=(x0,T0)
, (S89)
αT =
∆T
κe(x0,T0,L)
(
∂κe
∂T
)∣∣∣∣
(x,T )=(x0,T0)
, (S90)
αxT =
L∆T
κe(x0,T0,L)
(
∂ 2κe
∂x∂T
)∣∣∣∣
(x,T )=(x0,T0)
. (S91)
IX. AN EXTENSION OF THE PERTURBATION THEORY IN THE THERMAL RECTIFICATION IN TWO-SEGMENT BULK
MATERIALS
Although our present theoretical formula can not directly be used in two-segment bulk materials with different temperature-
dependent thermal conductivity [26], the perturbation method and Taylor expansion used in our theoretical derivations can be
extended to two-segment bulk materials directly. Here a simple introduction is made about this extension and results are shown
in Fig. S8.
First, let’s see what we have done. Given a (quasi) one-dimensional thermal conduction system with spatial position x ∈ [x0−
L/2,x0 +L/2], two temperatures (T0−∆T/2,T0 +∆T/2) are imposed at the two boundaries, where T0 and ∆T are the average
temperature and temperature difference between the temperatures of two boundaries. As the effective thermal conductivity
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FIG. S7. The thermal rectification in two-segment bulk materials, where xc = (xL+ xR)/2 is the position of the interface.
κe(x,T,L) is known and differentiable, the dimensionless heat flux q∗+ (or q∗−) can be derived based on perturbation theory, i.e.
(see Eqs.(S40)(S41) in Supplemental Material or Eqs.(12)(13) in the revised manuscript)
q∗+ = q
∗
+(x0,L,T0,∆T,κe) =−1+
1
12
(
αxαT −αxT −αx2 −αT 2 −
1
10
α2Tαx2
)
, (S92)
q∗− = q
∗
−(x0,L,T0,∆T,κe) = 1+
1
12
(
αxαT −αxT +αx2 +αT 2 +
1
10
α2Tαx2
)
. (S93)
For (quasi) one-dimensional homogeneous single bulk materials, the thermal conductivity is only a function of temperature, then
Eqs. (S92) and (S93) becomes
q∗+ =
q+L
κe(x0,T0)∆T
=−1− αT 2
12
, (S94)
q∗− =
q−L
κe(x0,T0)∆T
= 1+
αT 2
12
, (S95)
so that we have
q+ =
(
κe(x0,T0)
∆T
L
)(
−1− αT 2
12
)
, (S96)
q− =
(
κe(x0,T0)
∆T
L
)(
1+
αT 2
12
)
. (S97)
Next, the above equations (Eqs. (S96), (S97)) are used to derive the forward and backward heat flux of a two-segment bulk
materials [26] (Fig. S7). Here, the thermal conductivity in each segment (labeled as “A" and “B") is approximated by a quadratic
function of temperature by Taylor expansion. The forward heat flux is considered first. For example,
A : κe(x,T ) = κA(T )≈ a2T 2+a1T +a0, xL ≤x< xc, (S98)
B : κe(x,T ) = κB(T )≈ b2T 2+b1T +b0, xc <x≤ xR, (S99)
where a0,a1,a2,b0,b1,b2 are constants, xL, xR are the spatial position of left and right boundaries with fixed temperatures TL, TR,
xc = (xL+xR)/2 is the position of the interface between two bulk materials. Tc = T (xc) is the temperature at the interface, which
is unknown. There is no temperature jump or thermal resistance at the interface between two bulk materials [26]. Note that in
each segment, the thermal conductivity is only a quadratic function of temperature, so that αx, αxT , αx2 are all zero.
Please note that for each segment, (x0,T0), κe, ∆T and L in Eq. (S96) are different. For example (Fig. S7),
A : x0 = (xL+ xc)/2, T0 = (T (xL)+T (xc))/2, (S100)
B : x0 = (xR+ xc)/2, T0 = (T (xR)+T (xc))/2. (S101)
For the forward direction, T (xL) = TL, T (xR) = TR, TR > TL. Then for each segment of bulk materials, Eq. (S96) can be used
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FIG. S8. A comparison of the thermal rectification ratio among our present numerical results (blue triangle), the measured (black square) and
calculated (red circle) shown in Fig. 4(b) in the APL journal [27].
directly, i.e.,
A : qA,+(Tc) =−κA
(
TL+Tc
2
)
Tc−TL
xc− xL −
Tc−TL
xc− xL
a2(Tc−TL)2
24
, xL ≤ x< xc, (S102)
B : qB,+(Tc) =−κB
(
TR+Tc
2
)
Tc−TR
xc− xR −
Tc−TR
xc− xR
b2(Tc−TR)2
24
, xc < x≤ xR, (S103)
qA,+(Tc) = qB,+(Tc). (S104)
Equation. (S104) is valid based on the energy conservation, namely, the heat flux across the whole thermal system should be the
same. There is only three unknown variable Tc, qA,+ and qB,+ in above three equations. So that the temperature at the interface
Tc can be calculated as well as heat flux qA,+ or qB,+.
Similarly, the backward heat flux can be calculated by exchanging TL and TR in Eqs. (S102), (S103) and (S104). In other
words, the thermal rectification can be derived [26] using our method. Similar work of thermal rectification in two-segment bulk
materials have been done in previous studies [26, 28, 29].
Here is our results for the thermal rectification in the APL paper: An oxide thermal rectifier [27]. We set xL = 0, xR= 12.4mm,
xc = 6.3mm, T (xL) = 40K. The thermal conductivity for each segment in 30−100K (Fig. 3(a) in Ref [27]) is approximated as
LaCoO3 : κ = 7.043×10−4T 2−0.1366T +8.2058, (S105)
La0.7Sr0.3CoO3 : κ =−0.9278×10−4T 2+0.03010T +0.07946. (S106)
As T (xR) = 70.6, 79.1, 88.5, 98.9K, the thermal rectification ratio defined in Ref [27] is 1.27, 1.35, 1.43, 1.49, respectively.
A comparison is also made, as shown in Fig. S8. Present results are in consistent with the results shown in Fig. 4(b) in the
paper [27].
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